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Abstract The Tanimoto coefficient has previously been proven to be a metric,
but only in the case of binary valued vectors. Moreover, it has been proven that the
Tanimoto coefficient for real valued vectors is not a metric. This means that it is not
immediately possible to use metric based data structures for accelerating Tanimoto
queries. This note presents a method for transforming Tanimoto queries into range
queries in Euclidian space, making it possible to use metric data structures, as well as
data structures designed for Euclidian space.
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Vectors are often used for representing molecular structures when searching for
chemical compounds with similar properties. The entries of these vectors can be binary,
in which case they are referred to as fingerprints, or real valued, in which case they
are referred to as descriptors. A diverse set of similarity measures are available for
dealing with these vectors [1]. This note focuses on the Tanimoto coefficient, which
is applicable to fingerprints as well as descriptors.

Previous studies have focused on decreasing the query time into databases of
fingerprint vectors when the Tanimoto coefficient is used [2–4]. In this note we focus
on decreasing the time for Tanimoto queries into databases of real valued descriptors.

The Tanimoto coefficient T (A, B) between two vectors A, B ∈ R
n is calculated as

T (A, B) = AB

‖A‖2 + ‖B‖2 − AB
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A Tanimoto query consists of a target vector A and a minimum coefficient t . The
result of a Tanimoto query is the set of vectors B in a database for which T (A, B) ≥ t .

If A and B are binary, that is if their entries take on values either zero or some
entry specific value, T (A, B) will lie in the interval [0, 1]. In that case it has been
proven that the Tanimoto distance, defined as 1 − T , is a metric [5,6]. This means
that the triangle inequality holds and standard data structures, such as µ-, vp-, M- and
GNAT-trees [7–10], can be used for accelerating Tanimoto queries.

If the entries of the vectors are allowed to take on arbitrary values, the codomain
of T extends to [− 1

3 , 1] [1] and 1 − T ceases to be a metric [6]. We can therefore no
longer apply standard data structures for accelerating queries. However, it is possible
to convert the query into that of a range query in Euclidian space, probably the best
known metric. This not only allows the use of data structures based on the triangle
inequality, but it also enables the use of data structures tailored for Euclidian space,
such as the kD-tree [11], even for binary valued vectors.

The reduction is as follows: Let A, B ∈ R
n and t ∈]0, 1]. Then T (A, B) ≥ t iff

∥
∥
∥
∥

t + 1

2t
A − B

∥
∥
∥
∥

≤
√−4t2 + (t + 1)2

2t
‖A‖.

The proof is by simple rewriting; be aware that we use the fact that ‖A‖2 + ‖B‖2 −
AB ≥ 0.
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A − B

∥
∥
∥
∥

≤
√−4t2 + (t + 1)2

2t
‖A‖

(t + 1)2

4t2 ‖A‖2 + ‖B‖2 − 2
t + 1

2t
AB ≤ −4t2 + (t + 1)2

4t2 ‖A‖2

‖A‖2 + ‖B‖2 ≤ t + 1

t
AB

t
(

‖A‖2 + ‖B‖2
)

≤ t AB + AB

t ≤ AB

‖A‖2 + ‖B‖2 − AB

The previous result only covers the case in which t ∈]0, 1]. If t ∈ [− 1
3 ; 0[ then

T (A, B) ≥ t iff

∥
∥
∥
∥

t + 1

2t
A − B

∥
∥
∥
∥

≥
√−4t2 + (t + 1)2

2t
‖A‖.

The proof is analogous to that on the interval ]0; 1]. Figure 1 illustrates both rela-
tions in the plane.

The results are applicable when all vectors with a coefficient above some threshold
t are sought. If instead the n nearest neighbours are sought, decreasing values of t can
be used until the number of vectors reaches n.
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Fig. 1 An example in the plane.
All the vectors inside the circle
labelled 0.9 have a Tanimoto
coefficient larger than 0.9 to A.
All vectors outside the circle
labelled −0.3 have a Tanimoto
coefficient larger than −0.3 to A
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